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Preface

This collection of quantum mechanics problems has grown out of many years of
teaching the subject to undergraduate and graduate students. It is addressed to both
student and teacher and is intended to be used as an auxiliary tool in class or in self-
study. The emphasis is on stressing the principles, physical concepts and methods
rather than supplying information for immediate use. The problems have been
designed primarily for their educational value but they are also used to point out
certain properties and concepts worthy of interest; an additional aim is to condition
the student to the atmosphere of change that will be encountered in the course
of a career. They are usually long and consist of a number of related questions
around a central theme. Solutions are presented in sufficient detail to enable the
reader to follow every step. The degree of difficulty presented by the problems
varies. This approach requires an investment of time, effort and concentration by
the student and aims at making him or her fit to deal with analogous problems
in different situations. Although problems and exercises are without exception
useful, a collection of solved problems can be truly advantageous to the prospective
student only if it is treated as a learning tool towards mastering ways of thinking
and techniques to be used in addressing new problems rather than a solutions
manual. The problems cover most of the subjects that are traditionally covered in
undergraduate and graduate courses. In addition to this, the collection includes a
number of problems corresponding to recent developments as well as topics that
are normally encountered at a more advanced level.

vii






1

Wave functions

Problem 1.1 Consider a particle and two normalized energy eigenfunctions 1 (x)
and 1»(X) corresponding to the eigenvalues E| # E,. Assume that the eigenfunc-
tions vanish outside the two non-overlapping regions €2; and €2, respectively.

(a) Show that, if the particle is initially in region €2; then it will stay there forever.
(b) If, initially, the particle is in the state with wave function

V(x,0) = 5 [Y1(%) + ¥2(x)]

show that the probability density |1/ (x, #)|? is independent of time.

(c) Now assume that the two regions 2; and €2, overlap partially. Starting with the initial
wave function of case (b), show that the probability density is a periodic function of
time.

(d) Starting with the same initial wave function and assuming that the two eigenfunctions
are real and isotropic, take the two partially overlapping regions €2; and €2, to be
two concentric spheres of radii R; > R,. Compute the probability current that flows
through ;.

Solution

(a) Clearly ¥ (x,t) = e By (x) implies that |y (x, t)|> = |¥(x)|?, which
vanishes outside £2; at all times.

(b) If the two regions do not overlap, we have

Y1(X) Y, (x) =0

everywhere and, therefore,

[y (x, O)* = Y1 X1 + [ x))*]

which is time independent.
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(c) If the two regions overlap, the probability density will be

W& 0P = 5 [1[¥101 + [Y2]
+ Y1 (X)| [Y2(x)] cos[@1(X) — a(X) — wi]
where we have set ¥y = |1 2]e!?? and E| — E; = ho. This is clearly a periodic

function of time with period T = 27 /w.
(d) The current density is easily computed to be

h
J = f'% sinwt [Y5(r) () — Y1 (r)ya(r)]

and vanishes at R, since one or the other eigenfunction vanishes at that point. This
can be seen through the continuity equation in the following alternative way:
d

IQIZ——PQIZ/ ds- J = d3xv'j:_/
S(Q[) Q1

0
d’x — ik
7 o xatllﬁ(x l

_ wsinor f &x Y1 ()W)
Q

The last integral vanishes because of the orthogonality of the eigenfunctions.

Problem 1.2 Consider the one-dimensional normalized wave functions y(x),
Yr1(x) with the properties

d
Yo(—x) = Yo(x) = Yo (), Yr(x) = N%

Consider also the linear combination

Y(x) = c1¥o(x) + 21 (x)
with |c1]? + |c2|? = 1. The constants N, ¢, ¢, are considered as known.

(a) Show that ¥y and v are orthogonal and that 1r(x) is normalized.

(b) Compute the expectation values of x and p in the states ¥, Y| and ¥.

(c) Compute the expectation value of the kinetic energy 7 in the state 1y and demonstrate
that

(WolT?1v0) = (Yol T [¥o) (Y| T 1)
and that

WnlT ) = WITIY) = (Yol T [Yo)
(d) Show that

h2
(Wolx*[Wo) (V1| p* 1) > T

(e) Calculate the matrix element of the commutator [x2, p?] in the state .
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Solution
(a) We have

(Yoly) = fd Xy ﬁO—N/d wo—
N dy? N 00
=3 [ xS i) =

The normalization of ¥ (x) follows immediately from this and from the fact that
leil? 4+ leaf? = 1.

(b) On the one hand the expectation value (y|x|1) vanishes because the inte-
grand xwg(x) is odd. On the other hand, the momentum expectation value in this
state is

{(Wolplvo) = —ih/ dx Yro(x)¥ro(x)

=N dx Yo(x)Yr1(x) = (TﬂoWl) =0

as we proved in the solution to (a). Similarly, owing to the oddness of the integrand
xwlz(x), the expectation value (¥|x|y;) vanishes. The momentum expectation
value is

N
Wlply) = —ih/ dx Y| = —ih—*/ dx Y|

N dy?
’ 2N*/ Y dx "N RN
(c) The expectation value of the kinetic energy squared in the state ¥ is
h4 nt
ol T2 = d vy’ == [ vy
2
= — T
S VT

Note however that

h2 h2

(Yol T [Yo) = —%/ dx Yoy = %/ dx Yoy
h2 h2

= |N|2<l/f1|¢1) NP

Therefore, we have

(Yol T?|0) = (Yol T1%0) (Y| T |y)
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Consider now the Schwartz inequality

|(Wol¥2)* < (Wolo) (Yalya) = (Yalth2)

where, by definition,

h2
Yo(x) = —%WO/(X)
The right-hand side can be written as

(Y2lv2) = (ol T*|¥o) = (ol T1%o) (¥ IT Y1)

Thus, the above Schwartz inequality reduces to

(WolT 1Wo) = (YT Y1)

In order to prove the desired inequality let us consider the expectation value of
the kinetic energy in the state . It is

(WITIY) = ler* (ol T [Wo) + leal* (Y| T 1)

The off-diagonal terms have vanished due to oddness. The right-hand side of this
expression, owing to the inequality proved above, will obviously be smaller than

et P T 1Y) + lea (Wl T 1Y) = (Yl T 1)

Analogously, the same right-hand side will be larger than

12 (Wol T 1¥o) + leal* (Yol T o) = (ol T 1¥o)

Thus, finally, we end up with the double inequality

(Yol T [Yo) = (YIT 1Y) < (Dol T [Yo)

(d) Since the expectation values of position and momentum vanish in the states
Yo and v, the corresponding uncertainties will be just the expectation values of
the squared operators, namely

(Ax)§ = (Wolx?lYo),  (Ap)g = (Wolp*IWo), (AP = (Yl p?ly)

We now have
2

2 2 2 2 _ 2 2 h_
(Yolx“|¥o) (Y1l p~|¥1) = (Yolx o) (Yolp” o) = (Ax)p(Ap)y = 2

as required.
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(e) Finally, it is straightforward to calculate the matrix element value of the
commutator [x2, p?]in the state . It is

W, p2IY) = 2i(Y(xp + px)l¥) = 2ifi (W [xply) + (¥lxply)®)

which, apart from an imaginary coefficient, is just the real part of the term
il = =it [ dxyxy
=l [ dxporgs = inleaP [ i,

where the mixed terms have vanished because the operator has odd parity. Note
however that this is a purely imaginary number. Thus, its real part will vanish and so

(Wllx? p*lly) =0

Problem 1.3 Consider a system with a real Hamiltonian that occupies a state
having a real wave function both at time + = 0 and at a later time ¢ = ¢#;. Thus, we
have

Yr(x,0) = ¥(x, 0), Y x, ) = Y(x, 1)
Show that the system is periodic, namely, that there exists a time 7" for which
Yvx,0) =9y, r+T)

In addition, show that for such a system the eigenvalues of the energy have to be
integer multiples of 277/ T.

Solution

If we consider the complex conjugate of the evolution equation of the wave
function for time #;, we get

Yo )=y 0) = Y =Y, 0)
The inverse evolution equation reads
Y(x, 0) = ey (x, 1) = My (x, 0)
Also, owing to reality,
Y(x,0) = "My (x, 0)
Thus, for any time ¢t we can write
Y(x, 1) =e My (x,0) = e HMe 2 Ay (x 0) = Yr(x, t + 211)

It is, therefore, clear that the system is periodic with period 7' = 21,.
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Expanding the wave function in energy eigenstates, we obtain

Y, )= Cpe B (x)

The periodicity of the system immediately implies that the exponentials
exp(—iT E,/h) must be equal to unity. This is only possible if the eigenvalues E,
are integer multiples of 2%/ T .

Problem 1.4 Consider the following superposition of plane waves:

k+8k

28k Ji—sk

where the parameter 6k is assumed to take values much smaller than the wave
number k, i.e.

Vi sk (x) = dq €'

Sk <k

(a) Prove that the wave functions vy s¢(x) are normalized and orthogonal to each other.
(b) For a free particle compute the expectation value of the momentum and the energy in
such a state.

Solution
(a) The proof of normalization goes as follows:
+00 +00 k+8k k+8k e
dx | sk () = —— dx f / dq" "1
/;oo 4 Sk k k—sk
1 k+5k k+8k
—_ dq// dq// S(q, _ q//)
28k Ji—sk k—sk
k+8k
= — dq' Ok + 8k — q")O(q' — k + k)
28k Ji—sk
1 k+8k
= — dg' =1
25k Sy 1

The proof of orthogonality proceeds similarly (|k — k| > 8k + Sk'):

k'+8k'

+o0 k+8k
d.x * (x) /) /(x) / / d 4 5( !/ //)
/oo Via W) =3 7o |, e T

k+5k

dqgOk'+8k'—q")O(q'— kK'+8k')=0
2\/ Skok’ -/k I 17
since there is no overlap between the range over which the theta functions are
defined and the range of integration.
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(b) Proceeding in a straightforward fashion, we have

+00 k+8k kK y o
\P)= 4m Sk a / / dale T R
k k—3k

1 k-+3k k+5k
— d / d //h //8 /_ "
25k ) q /Hk q"hq8(q"—q")

1 k+68k

- dg' hg' = —[(k + 8k)* — (k — 8k)*] = hk + O(8k
2k ), q'hq 46k[(+ ) —( )] + O(8k)

Similarly, we obtain

2 21,2
p hok
— )= ——+ 06k
<2m> 2m+ (8k)

Problem 1.5 Consider a state characterized by a real wave function up to a mul-
tiplicative constant. For simplicity consider motion in one dimension. Convince
yourself that such a wave function should correspond to a bound state by con-
sidering the probability current density. Show that this bound state is character-
ized by vanishing momentum, i.e. (p), = 0. Consider now the state that results
from the multiplication of the above wave function by an exponential factor, i.e.
x (x) = eiP*/Myr(x). Show that this state has momentum py. Study all the above
in the momentum representation. Show that the corresponding momentum wave
function j(p) is translated in momentum, i.e. y(p) = U ( P — Do)-

Solution

The probability current density of such a wave function vanishes:

h
=5 VY -y ()=
mi
The vanishing of the probability current agrees with the interpretation of such a

state as bound.
The momentum expectation value of such a state is

+o0
Wipl) =it [ drvww
ih [t d ih
=-5 ) dx TV = =S VPOl =
The wave function x (x) = e’?*/"y(x), however, has momentum
+00
lplx) =it [ dxe ™y [y ]

+00
=—ihf dx w(x)[ Polﬂ(x)-l-w(x)} (P)y + Po= po

o0

The wave function has been assumed to be normalized.
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The momentum wave function is

dx , dx -
7(p) = / e ipx/h x) = / el (P—po)x/n x)=v(p—
x(p NezT x( NerT v ( v (p — po)
Problem 1.6 The propagator of a particle is defined as
K, x5t — 1p) = (x|e (—0H/M g
and corresponds to the probability amplitude for finding the particle at x at time ¢
if initially (at time 7p) it is at x".

(a) Show that, when the system (i.e. the Hamiltonian) is invariant in space translations'
X — X + «, as for example in the case of a free particle, the propagator has the property

Kx, x5t —t0) = K(x—x';t — 1)

(b) Show that when the energy eigenfunctions are real, i.e. Y (X) = ¥;(x), as for example
in the case of the harmonic oscillator, the propagator has the property

K&, x5t —1t) =K', x;t — to)

(c) Show that when the energy eigenfunctions are also parity eigenfunctions, i.e. odd or
even functions of the space coordinates, the propagator has the property

KX, x";t — 1)) = K(—x, —x";t — 1)
(d) Finally, show that we always have the property
Kx,x"3t —19) = K*(x', x; =t + 19)

Solution
(a) Space translations are expressed through the action of an operator as follows:

(x|e' P = (x + «
Space-translation invariance holds if
[p, H1=0 = P gemiaph — [
which also implies that
o P/ y=ilt—t))H[h ,—i ccp/h _ ,=i(t—to)H [
Thus we have

Kx, x5t — 1) = (x+ e CTOHM g o) = K(x+ o, X' + ;1 — 1g)

! The operator that can effect a space translation on a state is e P */" gince it acts on any function of x as the
Taylor expansion operator:

(x|e" P/t — poV iy — (- V)" (x| = (x + «f

2
:l._.

Il
=}

!
n
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which clearly implies that the propagator can only be a function of the difference
X —x'.

(b) Inserting a complete set of energy eigenstates, we obtain the propagator in
the form

K, x5t —10) = Y yrp()e” 0E My (x)
E

Reality of the energy eigenfunctions immediately implies the desired property.
(c) Clearly

K(—x, x5t = 1) = ) Yrp(=x)e " 0E My (—x)
E
=D (®PYeme TV Y L) = K(x, x5 1 — 1)
E

(d) In the same way,

K, x5t —10) = Y pre()e” 0E My (x)
E
=[2ﬁ%®KM””Wﬂﬂ}=Kﬁﬁmm—0
E

Problem 1.7 Calculate the propagator of a free particle that moves in three di-
mensions. Show that it is proportional to the exponential of the classical action
S = [ dt L, defined as the integral of the Lagrangian for a free classical particle
starting from the point x at time ¢y and ending at the point x’ at time z. For a free
particle the Lagrangian coincides with the kinetic energy. Verify also that in the
limit t — £y we have

Kox —x"; 0) = 8(x — x')

Solution
Inserting the plane-wave energy eigenfunctions of the free particle into the gen-
eral expression, we get

&p P’ o’
/ . _ _ v . /h _. _ — . /h
Kox', x5t —1g) = 2y e'Px exp[ lth (t to):|e ‘PX
dpi i : ip}
= ——x; —x;)p; — t — I
i:lx yl Z/ . eXP[ h(x xX)p 2mh( 0)

. mh 32 m(x —x')?
= [2711'(; - zo)} °xp [’ 2t — ro)]
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The exponent is obviously equal to i /7 times the classical action
t 2 7\ 2 N2
mv m(Xx—X m(x —x
S=/dt—=(t—to)—< ) _ mt )
o 2 2 \t—1 2(t — ty)
In order to consider the limit ¢t — t, it is helpful to insert a small imaginary part
into the time variable, according to

t—1t—ie

Then, we can safely take ¢ = £y and consider the limit ¢ — 0. We get

32 N
Ko(x —x’,0) = lim {(m_h) exp [—M]} =8(x —x')

e—0 2me 2he

For the last step we needed the delta function representation

— T —1/2 _—x%/e
8(x) 35%[(671) e /]

Problem 1.8 A particle starts at time #;, with the initial wave function v¥;j(x) =
Y(x, tp). At alater time ¢t > fy its state is represented by the wave function {¢(x) =
¥ (x, t). The two wave functions are related in terms of the propagator as follows:

Vi(x) = / dx'K(x, x5t — 10)yi(x")
(a) Prove that
v = [ @y KW st -y )
(b) Consider the case of a free particle initially in the plane-wave state
~1)2 . hk?
Yi(x) = 2m)" /% exp | ikx —i—1o
2m

and, using the known expression for the free propagator,” verify the integral expressions
explicitly. Comment on the reversibility of the motion.

Solution
(a) We can always write down the inverse evolution equation

Y(x, tp) = / dx' K(x, x'st0 — DY (x', 1)

or

wi(X)=/dx//C(x,x/;to—t)i/ff(X’)

2 The expresssion is

e mh m(x — x')?
Koo, st —to) =\ o=y &P [’ Wt —10)
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Taking the complex conjugate and using relation (d) of problem 1.6, we get
w0 = [ dxic s = 0w = [ ax Koo - i)

(b) Introducing the expression for ¥;(x), an analogous expression for the evolved
wave function ¥;(x) = (2)~/? exp(ikx — ihk>t /2m) and the given expression for
Ko(x — x5t — ty), we can perform a Gaussian integration of the type

+00 k2
l . N2 c7 ! u . ik

/ dx"explia(x — x")" 4+ ikx'] = [ —exp (zkx — —)
oo a 4a

and so arrive at the required identity.

The reversibility of the motion corresponds to the fact that, in addition to the
evolution of a free particle of momentum %k from a time #; to a time ¢, an alternative
way to see the motion is as that of a free particle with momentum —7%k that evolves
from time 7 to time 7.

Problem 1.9 Consider a normalized wave function v (x). Assume that the system
is in the state described by the wave function

V(x) = C1y(x) + Capr™(x)
where C; and C, are two known complex numbers.

(a) Write down the condition for the normalization of W in terms of the complex integral
[ dx y*(x) = D, assumed to be known.

(b) Obtain an expression for the probability current density [J(x) for the state W(x). Use
the polar relation ¥ (x) = f(x)e!?™®.

(c) Calculate the expectation value (p) of the momentum and show that

“+o00
(lI/|p|\Il)=m/ dx J(x)
—0o0
Show that both the probability current and the momentum vanish if |C| = |C3|.

Solution
(a) The normalization condition is

ICII> + 1G> + C{CD* + C1C5D = 1

(b) From the defining expression of the probability current density we arrive at

h
ﬂnzamm—wﬁwmﬁm
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(c) The expectation value of the momentum in the state W(x) is>

+00
(V| p|¥) = —ih/ dx W*(x)¥'(x)
_OO +00
=n(ICi> — 1C%) f dx 0'(x) f2(x) = m / dx J(x)
—00
Obviously, both the current and the momentum vanish if |C| = |C5|.

Problem 1.10 Consider the complete orthonormal set of eigenfunctions 1, (x) of
a Hamiltonian H. An arbitrary wave function ¥/(x) can always be expanded as

Y(x) =Y Cata(X)

(a) Show that an alternative expansion of the wave function 1(x) is that in terms of the
complex conjugate wave functions, namely

Y(x) =Y Copax)

Determine the coefficients C,,.
(b) Show that the time-evolved wave function

.1 =Y Clynxe F/

does not satisfy Schroedinger’s equation in general, but only in the case where the
Hamiltonian is a real operator (H* = H).
(c) Assume that the Hamiltonian is real and show that

Kx, x5t —1) = K&, x;t —19) = K*(x, x50 — 1)

Solution
(a) Both the orthonormality and the completeness requirements are satisfied by
the alternative set ¥ (x) as well:

/ Px YV p(X) = 8 = [ / P w;xx)w,g(x)}
= / d*x Yo (X (X)
Y YY) =8(x —X) = Y Yr0Ya(X)

3 Note the vanishing of the integrals of the type

+ood ,_1 +ood d ) _1 ) +oo_0
| Caxw ‘i/m x @)= S =

—0o0

for a function that vanishes at infinity.
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The coefficients of the standard expansion are immediately obtained as

@=/d%ﬁ®ww

while those of the alternative (or complex-conjugate) expansion are
qud%mwwm

(b) As can be seen by substitution, the wave function 1 does not satisfy the
Schroedinger equation, since

Hrj(X) # Eqry(X)

This is true however in the case of a real Hamiltonian, i.e. one for which H* = H.
(c) From the definition of the propagator using the reality of the Hamiltonian,
we have

KX, X1 — 1) = (X|efi(tfto)H/h|X/> _ (<X|ei(t7t0)H/h|X/))*
=K*'x,X;t0—1)
Also, using hermiticity,
K 51 = 1) = e ) = (|0 )

= (x/|e I x) = (X', ;1 — 1o)

Problem 1.11 A particle has the wave function
Y(r) = Ne™™
where N is a normalization factor and « is a known real parameter.

(a) Calculate the factor N.
(b) Calculate the expectation values

in this state.
(c) Calculate the uncertainties (Ax)> and (Ar)>.
(d) Calculate the probability of finding the particle in the region

r > Ar

(e) What is the momentum-space wave function ¥k, 1) at any time ¢ > 0?
(f) Calculate the uncertainty (Ap)z.
(g) Show that the wave function is at all times isotropic, i.e.

v, 1) =y 1)

What is the expectation value (x),?
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Solution
(a) The normalization factor is determined from the normalization condition

oo N2
1 =/ Sy = 471N2/ dr %2 =T
0

o3

which gives

We have used the integral (n > 0)
o
/ dxx"e™ =T+ 1) =n!
0

(b) The expectation value (x) vanishes owing to spherical symmetry. For
example,

00 1 2
{x) =N2/ drxe™? = sz drr? e‘zarf dcos@sin@/ d¢ cos¢
0 -1 0
=0

The expectation value of the radius is
o 3
(ry = NZ/ drre " = 471N2f drrie ™ = —
0 2a

The radius-squared expectation value is

o0
3
(X2> = (rz) = NZ/ d’r r’%e " = 47N? / drrie ™ = —
0 (07

(c) For the uncertainties, we have
3
(Ax)? = () — (0 = (") = >
and
3 3\* 3
2 _ ;.2 2 _ _
(Ar) = (r7) —(r) —ﬁ—<£) = 1o
(d) The probability of finding the particle in the region Ar < r < oo is
o0 o0 1 o
/ & |Y(r)|* = 4 N? / drrie " = —/ dy y%e™
Ar V3/2a 2J)

1
=6+ 2v/3)e™V? ~ 0.7487
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(e) From the Fourier transform

- a3 .
(k) = / (%)’; e )

we obtain

7 N oo 2 : jkr cos 0
Yk) = — / drre " / d cos 9 e s
V21 Jo -1
— IN OO drr efar(efikr - eikr) — 4Na 1
k27 Jo V2 (@? + k%)
.

Designating as ¢+ = 0 the moment at which the particle has the wave function Ne™*",
we obtain at time ¢ > 0 the evolved momentum-space wave function

4No e—ihkzt/Zm

V27 (@ + k2)?

(f) Owing to the spherical symmetry of the momentum distribution, we have
(p) = 0. The uncertainty squared is

Yk, 1) =

16N?a? n*k?
A 2: 2 — 3
ap? = %) =~ [ dk
B 320 [ 1 202 n ot
A k> +a2)? (K +a (2 +ad)

32a° | B (0N ot/ 7
= | - — _— —_ — | —
T do? o2 6 \ du?

j—/oodk 1 o
“Jo K24+ a2 2«

where

For the last step we have used the integral

1
f dx = arctan x
1+ x2

Thus, we end up with

(Ap)* =1’a’
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(g) From the Fourier transform we get

&’k ex
w(x, f) = / (27_[)3/2 elk~X ,W(k’ f)

1 / = 2 7 l ik
= — dk k* ¥ (k, r)/ d cos @ % = y(r, 1)
V21 Jo -1
Consequently, the expectation value (x), will vanish at all times owing to spherical
symmetry.



2
The free particle

Problem 2.1 A free particle is initially (at # = 0) in a state described by the wave
function

Y(x,0) = Ne ™
where « is a real parameter.
(a) Compute the normalization factor N.
(b) Show that the probability density of finding the particle with momentum 7k is isotropic,

i.e. it does not depend on the direction of the momentum.
(c) Show that the spatial probability density

P(x, 1) = [Y(x, 1)

is also isotropic.
(d) Calculate the expectation values

(f) Modify the initial wave function, assuming that initially the particle is in a state described
by

VU(x,0) = Ne @ ko

Calculate the expectation values (p),, (x), for this case.
Solution
(@) N = (o /7).
(b) The momentum wave function will be

W@=Nf

d3x —ar—ik-x 1 > —ar ikr —ikr 7
) e x ;/(; dr re (e —e ) = (k)

17
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where we have taken the z-axis of the integration variables to coincide with the
momentum direction (so that k - x = kr cos 6). Thus,

(k) = [Y(k)[* = M(k)

Note that, since we have a free particle, its momentum wave function will also be
an energy eigenfunction and will evolve in time in a trivial way:

Uik, 1) = Plye M

Its corresponding probability density I1(k) will be time independent.
(c) The evolved wave function will be

Ik —ihk?t/2m ik-x
v = [ S e

Taking the Z-axis of the integration variables to coincide with the direction of x, we
obtain

1 [ - . ) .
V(X, 1) o — / dk ke (kye ™1 /2m (ke _ o= TkrY o (1, 1)
rJo
Thus, the probability density

P, 1) = [Y(r, D> = P(r, 1)

will be isotropic at all times, i.e. it will not depend on angle.
(d) The momentum expectation value will clearly not depend on time:

(p) = / LRI R

Note also that isotropy implies the vanishing of this integral. An easy way to see this
is to apply the parity transformation to the integration variable by taking k — —K,
which leads to

The same argument applies to the position expectation value, which also vanishes
at all times:

(x); =0

(e) The expectation value of the position squared can be expressed in terms of
the momentum wave function as

<r2>t - _ / d3k ”(/Nf(k, O)eiEt/h sz ['J/(k, O)e—iEt/h]
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Note that, in the case that we are considering, the momentum wave function is not
only isotropic but also real. We have

- ; iht . .. o
Vi [V (k, 0)e T EM] = — l—ktﬁe_lE’/h + kil E/
m

V2 [, e E] = — 2L g i 2K g iy
_ h2k?2 Je-TE | glz/e—iEt/h 4 e
m k

The expectation value can be written as

2.2

2y = ()0 + 7;1—2 Prkg? 4 2 /d3k kg 4 o /d3k e
The terms linear in time vanish since
/a’3k kyy' =2n /Ooodk KW?) = —2n /Ooodk(k3)’1/72 = —% /d3k Ul = —%
Note that we used the normalization [d3k /> = 1. Finally, we have

2 e 3, 1272
(ro)e = (r >+— dk k™Y

which demonstrates the validity of the inequality (r?), > (r?),. Note that this in-
equality corresponds to the general fact that, for a free particle, the uncertainty
(Ax)? always increases in time.

(f) It is not difficult to see that in this case

¥ (k, 0) = ¥ (|k — kol, 0)

and that

Y(x, 1) = ™™ f(|x — htko/m])

Thus we have

(p): = h/ d’kk Y (]k —Kol, 0) =7 / d’qqV¥(q,0)+ hko/ d’k ¥* =Tk

(x)t:/d3rx 1//( ,t)

ht ht
= / d*p pl¥r(p, D> + —kO/ &’y = —ko
m m

and
2

t
X——ko
m
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Problem 2.2 Show that the ‘spherical waves’
wi(r’ l) — Ee:tikr—ihkzt/Zm
r

satisfy the Schroedinger equation for a free particle of mass m except at the origin
r = 0. Show also that, in contrast with a plane wave, which satisfies the continu-
ity equation everywhere, the above spherical waves do not satisfy the continuity
equation at the origin. Give a physical interpretation of this non-conservation of
probability. Does the probability interpretation of 1 break down at the origin?
Find a linear combination of the above spherical waves ¥4 that is finite at the
origin and reexamine the validity of the continuity equation everywhere.

Solution

The current density corresponding to ¥ is

hk y hk 1
T =+—|INI’~ = F—INI’V (—)
m r m r

The probability density is P+ = |N|?/r? and it is independent of time. Thus, we
have

V- J+P= :|:@|N|2V2 (l) = +4x|N|? <@) 3(x)
m r m

The physical interpretation of this non-zero probability density rate, in the frame-
work of a statistical ensemble of identical systems, is the number of particles created
or destroyed per unit volume per unit time. The non-conservation of probability
arises here from the fact that the /1 are not acceptable wave functions since they
diverge at the origin.

In contrast, the spherical wave

! inkr ..
Yo(r) = o Wi (r) — y_(r)] = NsmT’" o—ihk/2m

is finite at the origin and satisfies everywhere the free Schroedinger equation and
the continuity equation. In fact, we get 7 = 0 and P = 0.

Problem 2.3 A free particle is initially (at # = 0) in a state corresponding to the
wave function

Y(r) = (%)3/4 e

(a) Calculate the probability density of finding the particle with momentum %k at any time
t. Is it isotropic?
(b) What is the probability of finding the particle with energy E?
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(c) Examine whether the particle is in an eigenstate of the square of the angular momentum
L?, and of its z-component L _, for any time .

Solution
(a) The momentum wave function derived from v (r) is'

- d’x —ikx —3/4 —K*/2y
w(k)zf Ww(r)e =(ym) e

Since the particle is free, the momentum wave function will also be an eigenfunction
of energy and will evolve trivially with a time phase:

Uk, 1) = (ym) 34 e k12 pmitkt/2m

The corresponding momentum probability density is obviously constant and
isotropic.

(b) If we denote by P(E) the probability density for the particle to have energy
E = h*k?/2m, we shall have

[ee) 2 00
1 :/ dEP(E) = h—/ dk kP(E)
0 m Jo

Comparing this formula with

oo
1 = / &k Y k) = 47r/ dk k2 (ymr) 32 e K1y
0
we can conclude that

P(E) = ;1”_2 Atk (y )3 e K1Y

(c) Since the initial wave function is spherically symmetric, it will be an eigen-
function of angular momentum with vanishing eigenvalues. Moreover, since the
Hamiltonian of the free particle is spherically symmetric or, equivalently, it com-
mutes with the angular momentum operators, the time-evolved wave function will
continue to be an angular momentum eigenfunction with the same eigenvalue.

Problem 2.4 Consider a free particle that moves in one dimension. Its initial (+ = 0)
wave function is

Y(x,0) = (%)1/4 pikor—ax?/2

where o and kg are real parameters.

! We can use the Gaussian integral

/ d3x e—ar2 e—iqx — <£)3/2 e—q2/4a

a
with Re(a) > 0.





